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In this paper, a cooperative control analysis and design method is investigated for heterogeneous dynam-
ical systems that may be of arbitrary relative degree or nonminimum-phase or both. To achieve consensus
or cooperative stability, a negative value of input-feedforward passivity index is used to accommodate and
analyze such systems, and the magnitude of the index value is also used as the impact coefficient to quan-
tify the impacts of heterogeneous dynamics of these systems on their networked operations. Physical-
system-level designs are explicitly carried out to make individual linear and nonlinear systems (which
are either feedback linearizable or nonminimum phase of certain form) become passivity-short and to
embed one pure integrator into their input-output dynamics. The network-level distributed control can
simply be chosen without any knowledge of the heterogeneous dynamics but with only information of
an upper bound on their impact coefficients. It is shown, using the impact equivalence principle, that
these controls separately designed but implemented together always ensure either local or global con-
sensus and that a global non-trivial consensus emerges if and only if the information network has at least
one globally reachable node or is varying but cumulatively connected. The proposed methodology of fully
modularized designs unravels complexity of analyzing and designing cyber-physical systems and enables

their plug-and-play into networked operations.

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Cooperative control deals with networked physical systems
and network-enabled distributed controls, and its analysis and
design involve both dynamics and control of individual physical
systems as well as local communication networks and information-
structured controls. Until recently, several analysis and design
techniques for cooperative control have been developed, and they
include the graph-theoretical methods of composite graph con-
nectivity (Jadbabaie, Lin, & Morse, 2003; Lin, Brouchke, & Francis,
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2004; Ren & Beard, 2005) and proximity graphs (Cortes, Martinez,
& Bullo, 2006), the matrix theoretical approach (Qu, Wang, & Hull,
2008), the Lyapunov-based methods of passivity and circle crite-
rion (Arcak, 2007; Chopra & Spong, 2006; Wu, 2001), set-valued
Lyapunov functions (Moreau, 2005), non-smooth analysis and sub-
tangentiality conditions (Lin, Francis, & Maggiore, 2007), cooper-
ative control Lyapunov function and topology-based comparison
theorems (Qu, 2008, 2009). Their applications to dynamic systems
cover a wide range of models which include the simple particle
model (Vicsek, Czirok, Jacob, Cohen, & Shochet, 1995), the first-
order integrator model (Jadbabaie et al., 2003; Lin et al., 2004; Ren
& Beard, 2005) or passive systems (Arcak, 2007), the single integra-
tor model with delay (Fax & Murray, 2004; Saber & Murray, 2004),
the linear double integrator model (Tanner, Jadbabaie, & Pappas,
2007), and cooperative canonical systems (Qu et al., 2008). In spite
of these advances, there are still many applications of networked
control of heterogeneous systems that the current theory and
design methods cannot handle, especially when there is a need to
enable their plug-and-play into their networked operations. As an
example, the analysis and design techniques of cooperative control
that involve cyber-physical systems, such as the control and op-
timization of distributed generation and storage devices in smart
grids (see Maknouninejad, Lin, Harno, Qu, & Simaan, 2012 and Xin,
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Qu, Seuss, & Maknouninejad, 2011 and references therein), need
to be further developed. In particular, new techniques are desired
to properly unwind the entanglement among system dynamics,
(unknown) network information flows, and individual as well as
network-level control designs. Appropriate impact analysis and
design separation will enable us to obtain general conclusions on
heterogeneous physical systems and their networked operations.

Often, physical systems have heterogeneous dynamics and
their networked operations should be maintained even when
some of their physical components get upgraded or exchanged.
Accordingly, there is a need to characterize what physical systems
are ready for plug-and-play operation and how their controls and
network-enabled distributed controls can be designed separately.

The framework of dissipativity provides a way of analyzing
input-output properties of certain nonlinear systems, and hence
it can also be used to investigate operation of networked systems.
It is worth noting that, although the concept of passivity is limited
to minimum-phase systems of relative degree one (or zero), it has
been widely used in designing model reference adaptive control
(Parks, 1966), control of robotic manipulators (Spong & Vidyasagar,
1989), and adaptive control of nonlinear systems (Kokotovic,
Krstic, & Kanellakopoulos, 1992). While these controls are to
achieve asymptotic stability (i.e., a trivial consensus), a nontrivial
consensus is a more general stability concept that captures the
emergent behavior of networked dynamic systems, and its value
is dependent upon both initial conditions of the systems and
network topology. Consensus of passive systems has been shown
for balanced and strongly-connected graphs in Chopra and Spong
(2006) and for strongly-connected graphs in Zhang, Lewis, and Qu
(2012). These two results provide a hint that there are classes of
physical systems which are ready for networked operation and
for which distributed control can be designed independently of
system dynamics.

The objective of this paper is to develop a fully modular design
methodology by which a self-feedback control can be designed in-
dividually for each of heterogeneous systems while their network-
level distributed control can also be synthesized separately. To this
end, we use the concept of passivity shortage (for systems whose
input-feedforward passivity index value is negative) to include
systems of high relative degree and nonminimum phase and to
provide the measure of quantifying the impacts of heterogeneous
dynamics on their networked operations. Our approach shows
that, for dynamical systems to achieve a nontrivial consensus, their
individual closed-loop dynamics should be Lyapunov stable but
not asymptotically stable, and these individual systems should be
networked with positive network connections and individual neg-
ative output feedback. We consider modular designs to achieve
these properties through appropriate canonical forms as well as all
possible structures of information flow, and we show that analysis
and design of distributed control does not require explicit knowl-
edge of system dynamics but only needs an upper bounded on their
maximum impact. While the preliminary version of so-called gen-
eralized passive systems was introduced in Qu (2012), the results
reported therein were limited to affine systems, the information
topology was confined to be fixed and strongly-connected, and de-
sign procedures are not presented. In contrast, this paper develops
a fully modular systematic design methodology and untangles the
complexity of interactions between system dynamics and network
topology.

The remainder of the paper is organized as follows. In Section 2,
the problem of modularly designing self-feedback and distributed
controls is formulated. In Section 3, tools for analyzing in-
put-output properties of nonlinear systems and their networked
operation are developed. In Section 4, two procedures for design-
ing self-feedback controls are detailed to make linear systems and
affine nonlinear minimum-phase systems become cooperative PS

systems, then a simple design of distributed control is presented,
and the so-called impact equivalence principle is established to
ensure the emergence of nontrivial consensus under separately
designed controls. It is shown in Section 5 that the impact equiva-
lence principle also holds for time-varying information networks.
Section 6 contains concluding remarks.

2. Problem formulation

Consider ns heterogeneous physical systems in the form of
zi = Fiz,v),  yi=Hi(z), (M
wherei € {1,...,n}.In(1),z € N" is the state, v; € R™ is the
control to be designed, and y; € )™ is the output, of the ith system.
The functions %;(-, -) and H;(-) represent system/output dynamics
and are of appropriate dimensions. To achieve consensus, or
cooperative stability (defined below), all the outputs y; need to be
of the same dimension, but it would be straightforward to consider
the case that v; € W™ withm; > m.Itis assumed that the functions
are differentiable, H;(0) = 0, and dH(z;)/dz; has rank m.

The cooperative control problem involves designing network-
enabled controls for the systems in (1) based on the information
structure represented by a digraph (V, &(t)), where 'V denotes
the set of n; nodes and &(t) denotes the set of directed edges.
Equivalently, the local information flow can be characterized by
the binary sensing/communication matrix

S(t) = [Si(H)] € R, Si() =1, (2)
where S;;(t) = 1if {j — i} € &(t) (i.e,, (i — y;) is available to v;
at the time t), and S;;(t) = 0 if otherwise. That is, the presence of
edge {j — i} is denoted by binary value of S;;(t).

Definition 1. The system in (1) is said to be cooperative stable
if it is Lyapunov stable and if lim, 1 yi(t) = c for all i (ie.,
limi, 15 y(t) = 1 ® c, where 1 € 0™ is the vector of 1s,c € H™
is the steady state value determined by z(ty) and by the history of
S(t), and ® denotes Kronecker product).

A cooperative control is to achieve cooperative stability and, for
the systems in (1), it can be chosen to be of form:
v = v5;(z) + Kiu, (3)
where v, (-) is the lower-level controller, K; is the feedforward gain
matrix, and u; is the higher-level distributed controller of form

ui = u; (V1 = ¥)Sits -« - » Ung — Yi)Sing) - (4)
Under control (3), the systems in (1) become individually closed-
loop as

zi = Filzi, vs; + Kiuy) & F(zi,u),  yi = Hi(z); (5)
should the systems be affine,
z=F (z) + Gi(z)u;,  yi = Hi(z). (6)

Lower-level control v, (-) in (3) is an individual self-feedback
control for the ith system to achieve appropriate stability prop-
erties for its own dynamics. Higher-level control u;(-) in (4) is a
relative-output feedback control in terms of distributed informa-
tion from neighboring systems (i.e., (y; — y;)S; rather than state
zj), and it is to ensure cooperative stability under any information
network topology with necessary connectivity.

Our goal is to develop the so-called modularized designs by
which both v, (-) and u;(-) can all be synthesized separately. To
this end, input-output measures (in terms of passivity index and
output steady state) are presented to quantify the impacts of
heterogeneous systems (5) on their networked operation, and the
corresponding impact equivalence principle is established. Using
the principle, network-level distributed control u; can be designed
without the specific knowledge of individual dynamics, and
heterogeneous systems of (5) can be put into service anywhere.
That is, all the systems satisfying the impact measures are plug-
and-play ready for their networked operations.
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3. Tools for analyzing input-output properties

In this section, several tools are developed to investigate
such input-output properties as input-feedforward passivity and
output steady state for nonlinear systems and their networked
connections. These properties will be used to develop systematic
designs for passivity-short systems in the subsequent sections.

3.1. Passivity-short (PS) systems

Dissipativity theory (Willems, 1972) has been used to define
a number of passivity concepts. Passivity and L, gain®are the
most commonly used forms of dissipativity, and they have been
extensively investigated (Brogliato, Lozano, Maschke, & Egeland,
2007; Byrnes, Isidori, & Willems, 1991; Popov, 1973; van der
Schaft, 2000; Zhao & Hill, 2008). In addition, more general concepts
such as passivity shortage (Sepulchre, Jankovic, & Kokotovic, 1997),
passivity indices (McCourt & Antsaklis, 2010) and generalized
passivity (Qu, 2012) have been introduced.

Definition 2. The ith system in (5) is said to be dissipative with a
storage function V;(z;) and a supply rate @;(z;, ;) if Vi(z;) is positive
semi-definite (p.s.d.) and

t
Vi@ (0) — Viz(0) < / ,(2(7), w())dr. ™)
0

The input-output pair {u;, y;} of the ith system in (5) is said to be
input feedforward passive if, for some p.s.d. function n;(-),

T €i 2
Di(zi, uy) = —ni(z) +u;yi + E”ui” , (8)

where quantity (—e;) is called the index of input feedforward
passivity. If ¢; < 0 in (8), the index value is nonnegative and the
system is said to be passive. If ¢; > 0, the index value is negative,
the system is said to be passivity-short (PS), and ¢; in (8) is called
impact coefficient.

It is clear from inequality (7) that PS systems include passive
systems as special cases. The following three propositions provide
several sets of conditions to check whether an input-output pair is
PS. Their proofs are included in the Appendix.

Proposition 1. Consider the ith system in (5).

(i) Its pair {u;, y;} is PS if and only if the fictitious pair {u;, y{} is
passive, where y! = y; 4+ 0.5¢u; is the augmented output.

(ii) Its pair {u;, y;} is PS if, for a C! storage function Vi(-) and for
some constants yg, i, vi3» via > 0,

17 @i, w) — F (21, 0)|| < w5 llull, IHi@) I < v llzill,
9)
%Tj:f(z,o)<_, 12 % | z:
(32;) (i, 0) < —yslzll”, H 3z H < vullzll. (10)

Part (ii) of Proposition 1 provides a Lyapunov test for nonaffine
systems, and part (i) can be used together with existing passiv-
ity tests, for instance, Kalman-Yakubovich-Popov (KYP) lemma
(Khalil, 2003; Popov, 1973; Wen, 1988) for linear systems. It is
worth noting that, by converse theorem (Khalil, 2003), the inequal-
ities in (10) are ensured if zero-command system z; = F(z;, 0) is
both exponentially stable and globally Lipschitz but, as shown by
the Teel-Hespanha example (Teel & Hespanha, 2004), exponential
stability by itself does not imply (10).

2 : M (o u) = EEwl? — 12
Ly gainof y € 9 is defined by ®@;(z;, ui) = 5-[lul > lyill

. (oo 112 N .
Lt In©Ol, = (f7 In@I2de) " < oc. Similarly, n(©) € Lo if [(0)]
supyq, (0] < oc.

, where n(t)

m

113

Proposition 2. Suppose that the ith system in (6) has a C' storage
function. Then, its pair {u;, y;} is PS if and only if —DCFicVi is p.s.d.
and, for some €; > 0 and €/ € [0, 1],

1 ,
ni(zi) £ —LpVi — ZHoCc,-Vi —H/|* > —€Lpc Vi (11)
1

Proposition 2 is applicable to affine systems and, in light of the
KYP property in Byrnes et al. (1991), inequality (11) can be referred
to as the passivity-short KYP property or, if ¢ > 0, the strictly
passivity-short KYP property.

It is straightforward to show using either Proposition 2 or 1 that
all linear Hurwitz systems are PS. Nonetheless, PS systems may not
necessarily be asymptotically stable, as evidenced by the following
proposition.

Proposition 3. Consider the linear system

Zi FFin O Giy
R N

Itis PSif F; 11 is Hurwitz.

It is well known (Khalil, 2003) that a passive system must be
minimum-phase and have relative degree of zero or one (or neg-
ative one). In comparison, PS systems include those that are of
higher relative degrees and/or nonminimum phase, which will be
illustrated later by examples (specifically, the first system in Ex-
amples 1, and 4). How to design v, (-) to make systems become PS
is the subject of Section 4.1.

3.2. Positive network interconnection of PS systems

The fundamental property of passive systems is that a negative-
feedback connection of two passive systems is also passive (Khalil,
2003). The following example illustrates that a negative feedback
connection of two PS systems may not be PS. This is because the
overall system may become Lyapunov unstable, while by Defini-
tion 2 shortage of passivity with a positive definite (p.d.) storage
function still yields Lyapunov stability under u; = 0.

Example 1. Consider the two systems and their outputs:

Z11 =212 yi=z

. 1 =211
. 1 1 221 = Uy, —7
2122—5212—52114-111, Y2 = 221-

The first system is Hurwitz, and pair {uq, y1} is PS (but not passive
due to relative degree 2). Pair {u,, y,} is passive (and also PS). The
negative feedback connection of these two systems is shown in
Fig. 1 and described by

0 1 0 0 0

d |#n 1 1 n

—|zn|=|—-—= —= —1]||zn|+|1 O [Zl] ,

dt Z91 2 2 Z91 0 1 2
1 0 0

which is Lyapunov unstable and hence cannot be PS. ¢

PS systems do have the nice property that positive-feedback
interconnections of PS systems individually with negative output
self-feedback are Lyapunov stable. Suppose that matrix S in (2) is
constant, the positive-feedback interconnections (with individual
negative self-feedbacks) are specified by

ns

Ui =ky D0 — y)Sy = u=—((Kal) ® In)y, (13)
j=1
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Ji

System i

Fig. 2. Positive feedback connection of two PS systems with self negative output
feedbacks.

where L = (D — S) is the Laplacian, D = diag{S1} is a diago-
nal matrix containing the in-degrees of L, and K, = diag{k,,} €
RN is the diagonal positive-gain matrix to be chosen. The fol-
lowing lemma establishes cooperative stability for the case if di-
graph ('V, &) is strongly connected (in the sense that every node can
be reached from any other node through directed edges) or, equiv-
alently, that matrix S or L is irreducible (i.e., (I + L)™' or S*~!is
positive). Note that the left eigenvector and eigenvalues associated
with Laplacian L can be estimated distributively (Qu, Li, & Lewis,
2014). Fig. 2 depicts all the connections when ng; = 2.

Lemma 1. Suppose that the systems in (5) fori = 1, ..., ns are PS
with p.d. and radially-unbounded storage functions V;(-) and with im-
pact coefficients ¢; € [0, €]. If Lis irreducible, the distributed control
in (13) ensures cooperative stability as well as (y; — y;) € L and
u € L, provided that k,, € (0, ky), where k, = A (I'L+ LTI")/
[EAmax(LTTL)] > 0,y = vec{y;} is the first left eigenvector of L
(defined by yL = 0), I' = diag{y;}, Amax(A) denotes the maxi-
mum eigenvalue of matrix A, and A, (A) represents the second smallest
eigenvalue of matrix A.

Proof. By Perron-Frobenius theorem, the first left eigenvector y
of irreducible Laplacian L is positive. Define the overall storage
functiontobe V(z) 2 Y1 | yiky, V(). It follows from Definition 2
and (13) that

v

IA

p— t EA
Vo) + k! [ [t uli ] as
i 0

IA

o t 1 t
V@) - ) yiky,! / nids — - f y'Qyds, (14)
; 0 0

whereQ = Q, ® Iy, Qw = Wy, —€LlTK,I'Land Wy, = 'L+ LTI, 1t
follows from Theorem 4.31 in Qu (2009) that matrix W, € R"s*"s
is p.s.d., is of rank (n; — 1), and has the property that €T W& = 0 if
and only if § = c1,, for some ¢ € M. On the other hand, L1,, = 0
implies lnghl,,s = 0. Since W}, is independent of k,, while the

other matrix product in Qy is linear in ky,, we know that, under the

choices of k), € (0, k), term yT Qy assumes positive values except
for being zero when y; = y; for all i, j. Hence, Lyapunov stability,
(yi —¥;) € L andu € L, can be concluded from (14). It follows
from (5) and Lyapunov stability that y; are uniformly continuous
and hence, by Barbalat’s lemma (Khalil, 2003), lim;_, o, yi(t) = ¢
foralli. O

Lemma 1 presents a simple result of cooperative stability but
has two limitations. First, it is limited to the case when the di-
graph is strongly connected. Further analysis is needed for the
more general case when the graph is reducible. Second, while
lim;_, 1 yi(t) = c is shown, little information is known about
c. In the cooperative control problem, the trivial solution of
lim;_, 1 yi(t) = Ois of little interest since convergence to the ori-
gin can easily be achieved by asymptotically stabilizing every one
of the systems without any network-level control. These issues are
investigated in the subsequent subsection.

3.3. Nontrivial consensus of PS systems

To study the consensus values, define the equilibrium set £27 of

the ith system in (6) and its output image .Q,y as

Q2F 2zl e W@ Ff(zf) =0} (15)
2 2y e W™ 1 yi = Hi(z), z{ € 2f}.

Network-level distributed controls (4) such as (13) are chosen such
that, when output consensus is reached, u; = 0. Hence, it follows
from (14) and Definition 2 that, should 7;(z;) be p.d., z;(t) converges
to zero and in turn so does y;(t). That is, in order to achieve a
nontrivial consensus, it is necessary that none of the systems in
(5) is asymptotically stable under u; = 0. Explicit rank conditions
to ensure nontrivial consensus values are stated in the following
lemma.

Lemma 2. Suppose that the ith system in (6) satisfies the passivity-
short KYP property of (11). Then, the equilibrium set $2{ and its output
image $2! have dimensions of dim(£2f) = m and dim(£2)) = m
provided that the following rank conditions hold (locally) at z; = z{:

azccl:if V,’
9%2Lpc Vi 2
rank Fé Y= nj—m, rank 9z =n;. (16)
0z; 0H;(z;)
821-

Proof. We know from Proposition 2 that Lre V; is n.s.d. and hence
£2¢ in (15) is nonempty. For any z{ € £2° and under u; = 0, we
have V; = OCFI_c Vi = 0. Hence, function DCFicV,- reaches its maximum
at z{, and the steady state of the ith system in (6) is the solution to
the algebraic equations:

aaCFf Vi(z))

0z}

0, HE@) =c. (17)

For any arbitrary choice of c € %™, the second equation is always
solvable since dH(z;)/dz; is of rank m. For dim(.Qiy) = m, it is
necessary that dim($2f) > m. The proof is completed by apply-
ing the implicit function theorem (see Khalil, 2003) to the above
equations. O

For the stabilization problem, singleton £2/ = {0} would be
needed; for the problems of output tracking or consensus, .Qly =
N™ would be desired. The above lemma provides the technical con-
ditions, and the subsequent example illustrates the corresponding
Lyapunov design.
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Example 2. Consider the uncertain system

. 3 .
Zin = z;, + Zip, Zp = ¢i(z))0; + v;, Yi = zi1,

where 6; is a vector of unknown parameters. Applying the back-
stepping adaptive design (Krstic, Kanellakopoulos, & Kokotovic,
1995), we can choose an augmented storage function V/ (zi1, ziz, 6;)
as

ki ki 2
v/ =Syl + 5

k,‘ Ao
=P+ + 16— 0l

1 3
zin + E(Ziz +2z)
1

and an adaptive feedback control v; = —¢; (zi)éi —(2ki+ 3231 ) (z,-31 +
Zi) + u; and é,» = ¢! (z;) [z,»l + kli(z,-z + zg)], under which V/ =
—lzip + 231> + kli(ziz + z2)u + y;u;. It is apparent that the system
satisfies both (11) (with ¢; > 1/(2ki2)) and (16). ©

The existence of a non-trivial equilibrium set does not nec-
essarily mean that any nontrivial equilibrium value is a asymp-
totically stable equilibrium. The following theorem ensures both
input-output convergence and internal stability so that technical
development in the rest of the paper can be done in terms of only
input-output properties.

Theorem 1. Consider the systems in (6) under control
uj = ky,[ri(t) — yil, (18)

where 1;(t) is the command signal satisfying [r; — c] € L, and
lim;_, 1o 1i(t) = c for some constant c € R™. Then,

o If the system satisfies the strictly passivity-short KYP property
of (11)with a @3, p.d., radially unbounded storage function V; and
with impact coefficient ¢; and if rank condition (16) holds in R™,
control (18) with k,, € (0, 2/¢;) ensures input-to-state stability
(ISS).

e Alternatively, if pair {u;, (y; — c¢)} of the system is PS with p.d. ra-
dially unbounded storage function V{ (z;, c) and impact coefficient
€ € [0, 2/ky,), the system has Lyapunov stability and unity DC
gain (in the sense of lim;_, 1 y;i(t) = c), and (y; —c), u; € L.

Proof. Define a scalar function £(A) £ DCFic(w)V,-(w)|w:Mi, where

A € [0, 1]. Direct computation yields that £(0) = % =
2=0
0, £(1) = GCFl_cVi, and

PEN) ZTazoch(w)Vi(w)
a7 dw?

z;. (19)

w=Az;

It follows from the mean value theorem in Khalil (2003) that

&) _ &™)
O lizrren) A2

LpeVi =

A=AFEE(0,1%)
which together with (19) and rank condition (16) imply that
—Lre Vi is p.s.d. and radially unbounded with respect to all the vari-
ables in z; except for those m variables solved from y; = H;(z).
Hence, the term (—algCFicV,- + az|lyill®) is p.d. and radially un-
bounded for any a;, a, > 0.

It follows from Proposition 2 and from the strictly passivity-
short KYP property that, under control (18),

. e
Vi < —mi(@) + kyyi (i — yi) + E’ki_nr,- -yl
1
= €L Vi — 52— ek ill® + (1= €ikykyr i

.
+ kil (20)

2 — ek, (1 — €iky)?

Ky |71
@ —eky) 1T |

Ky, llyill +

= fi/aCF,FVi—

.
+ gl (21)

from which ISS can be concluded by recalling that the sum of the
first two terms on the right hand side of (21) is negative definite
and radially unbounded with respect to z; and by applying Theo-
rem 4.19 in Khalil (2003).

To show both unity DC gain and Lyapunov stability, we let
Vf(z;, c) denote the storage function for pair {u;, (y;—c)}. It follows
from the pair being PS that, for some #7{(-) > 0 and for any ¢’ > 0,

t
Vi)~ V@00 + [ ads
0
t EC t
v\ (v, — 2 Ci .12
sm/m m@,o¢+m2/w,MMs
0 0

ky,[2 — ky, (e +€)] 1
<- : ' Iri — yill,, + ?”ri —cll,, (22)
from which Lyapunov stability and (y; — ¢) € L, can be concluded
by using the Chebyshev inequality |ly; — c||> < 2(|ly; — ri]l*> +
|lri — c]|?). Barbalat lemma (Khalil, 2003) can then be invoked to
conclude the unity DC gain. O

It is possible to have the output track the input while some of
the internal state variables do not settle down. In particular, it is
necessary to establish internal stability because a counter example
could be constructed according to the equality version of (20) in the
above proof. Also in Theorem 1, unity DC gain is established under
the condition of pair {u;, (y; —c)} being PS for any c € i, which s
necessary for achieving nontrivial consensus. The connection from
pair {u;, y;} being PS to pair {u;, (y;—c)} being PS will be established
in Section 3.4.

The following theorem extends Lemma 1 to the leader-follow-
ers problem in which all the outputs of the systems in a strongly
connected network converge to the steady state of leader ry(t).

Theorem 2. Let ry(t) € R™ with lim,_, ., 1o(t) = c and (rp —
c) € L, denote the state of the leader, and let binary function S,
represent the connectivity from the leader to the ith system. Consider
the systems in (5), and suppose that their pairs {u;, (y; — c)} are PS
with p.d. radially-unbounded storage functions V{ (z;, c) and impact
coefficients €/ € [0,€]. Then, if L' £ vec{—Sj} # O, there
is a diagonal p.d. matrix I'; such that (I,L, + LZFG) is p.d., and
the following distributed leader—followers control ensures cooperative
stability (with lim;_, ;o yi(t) = c for alli), (yi —y;) € L andu € Ly:

ng
uj = ky, Z(Vj — ¥i)Sij + ky, (ro — y1)So
= (23)

& u=—((Kpla) ® In)y — ((KnL) ® )10,

where S = [S;] is as defined in (2), Ky, and L are as defined in (13) with
L being irreducible, L, = L + diag(Sj,}, and L = [L' L,] is the
overall Laplacian, and ky, < Amin(I2Ly + LY 1) /[€hmax (LY L)1
With Amin(A) denoting the minimum eigenvalue of matrix A.

Proof. Since L has zero row sums and L’ is nonpositive and
nonzero, it follows from Lemma 4.32 and Theorem 4.25 in Qu
(2009) that matrix L, must be a nonsingular M-matrix and hence
diagonal p.d. matrix Iy = diag{y,"} exists such that W, = I'yL, +
LT, is p.d. Hence, matrix Q, 2 W, — €LTK; I',L, is also p.d. for all
small values of ky, as specified.

It follows from (23) that

u=—((KnLa) ® Im)(y — ©) — ((KpL') & Im)(ro — ©).
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Define the overall storage function to be V' (z, ¢) 2 > vk, !
V£ (z, c). In the case that ro(t) = c and for some n{(-) > 0 and
ef € [0, €], we have

V(z,¢) =V (z(0), ¢)

ot €€
n [—nf g0 + —lnufnz] ds
T Ky Jo 2
<—1/[ 2o Tl o |ds, (24)
- 2/ - ky,

where Q = Q; ® Ij,. For the general case of (ry — ¢) € Ly, we
can establish (as we did with inequality (22)) inequality (24) by
including an additive term of ||rp — ¢/, into the right hand side.
Hence, cooperative stability is concluded. O

3.4. Canonical form of cooperative PS systems

In this subsection, a canonical form is developed for PS systems
that can achieve nontrivial consensus. It follows from rank condi-
tion (16) and the proof of Lemma 2 that, for PS systems (of pairs
{u;, y;}) to be able to reach a non-trivial consensus anywhere in
N™ (ie., 2] = R™), each of the systems must implicitly contain
m pure integrators (because m of the equations in (17) become
degenerate). As illustrated by Theorems 1 and 2 and their proofs,
cooperative stability (of lim;_, 1 o ¥i(t) = c¢) could be easily estab-
lished if pairs {u;, (y; — c)} are known to be PS for all c € R™, while
a Lyapunov argument based on the rank condition is technically
involved (in terms of such requirement as differentiability, strictly
passivity-short KYP condition, etc.). Nonetheless, the existence of
pure integrators allows us to choose the canonical form of desired
PS systems as stated below and revealed by the rank condition.

Definition 3. The ith system in (6) is said to be a cooperative PS
system if there exists a diffeomorphic transformation z; = Z;(wy;)
under which the system in (6) is transformed into the following
canonical form:

Wit | | Fuyy (win, wiz) Guyy (Wit, wi2) |
A R e R R -

Yi = Hy, (wir, wi) + Biwiz,

where H,, (0, wi) = 0 and constant g; # 0 has the properties
that, for any u; € L, and for uniformly bounded wj,, the reduced
order system w;; = Fy, (i1, Wi2) + Gy, (Wi, wip)y; is globally
asymptotically stable so that H,, (-, -) € L, (or uniformly bounded
if Hy, (-, -) = 0).

The ith system in (25) is PS and has the equilibria of w{ =
[0 cT]" for any c € ?\™, it satisfies the rank condition (under dif-
ferentiability), and it includes the system in (12) as a special case.
Since Lyapunov criteria exist to check L, stability of its reduced or-
der system (see Theorems 5.1 and 5.5 in Khalil, 2003), the following
lemma focuses upon the relationship of PS property between pairs
{u;, yi} and {u;, (y; — c)}. The relationship together with Theorem 1
makes the modularized design possible. The corresponding state
transformation is illustrated in Example 3.

Lemma 3. If pair {u;,y;} of system (25) is PS with a C' storage
function of the form

1
Vi (W) = Vi (win, wig) + Eﬁinwizuz, (26)

then its pair {u;, (y; — c)} is also PS with the same impact coefficient
and forallc € R™.

Proof. It follows from {u;, y;} being PS that
T avwil

y T 8vwil T
Vw,-(wi) = [Fw,-l + Gw“ui] W + u; W + ,Biui Wiz
i1 i2
€;
< =1 (win) + iy + El”ui”z, (27)

where ¢; > 0. Now, consider storage function sz)i(wl-, c) = Vy,

2
, which is p.s.d. It follows from (27)

(wir, w2) + 3Bi Hwiz -5
that VS, (wi, ©) < —nu,(win) + u] ¢ — ©) + $lu;]|%, from which
pair {u;, (y; — c¢)} being PS is obvious. O

Example 3. Consider the following system:

. 3
{Z“ =2 + zip yi =z
i = 4i1-

Zp = —(2ki + 322) (2}, + z2) + u,

As was shown in Example 2, the pair {u;, y;} is PS. Under state
transformation of wy; = z} +z; and wi = 2kizin + (27 + ), the
system is transformed into (25) as

1 1

wir + ——wp,

Wiz = U, —
2= 2k; 2k;

wip = —2kwiy + u;, Yi=—

in which wj; has L, stability. ¢
4. Modularized design: fixed topology

The proposed modularized design methodology is to separately
synthesize self-feedback controls for each of the individual sys-
tems as well as distributed controls.

4.1. Lower-level designs of self-feedback control

At the lower level, self-feedback control v, (z;) should individ-
ually be chosen to make every physical system of form (6) become
a cooperative PS system as defined in Definition 3. Two systematic
design procedures are presented below: one for linear systems, and
the other for feedback linearizable nonlinear systems.

The first procedure is a matrix-theoretical design approach
applicable to all linear systems of form

z; = Fizi + G, yi = Hiz;, (28)

where z; € 0", {F;, G;, H;}is an irreducible realization (Chen,
1984) of the input-output mapping from v; to y;, and

G = [G“ e G,-m]. For the system in (28), the self-feedback
control? is of form
vi = =Kz + Kiu, (29)

where K, is the self-feedback gain matrix, and K; is the feedfor-
ward gain matrix. Given controllability, positive integers p; exist
such that controllability matrix

Ci= [Gil

m
Sn=n
=

is nonsingular. The following theorem provides the design of gain
matrices K, and K;.

Fipﬂ*IGil ’ . ’ Gim F'_pimflcim]

(30)

3 If z; is not available, a dynamic self-feedback control v; can be designed by using
the separation principle and employing an observer to estimate z; from y;. Should
the realization in (28) not be minimal, an irreducible realization can be found (Chen,
1984) before applying the proposed procedure. In the event that system (28) with
Ks; = 0 can be mapped into (12), v; does not require absolute measurement of any
state variable.
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Theorem 3. For any chosen set of stable eigenvalues A (g = 1,
..., (nj — m)), define desired characteristic polynomials E;;(s) to be
Ejj(s) = sE,-’j(s), where

TTE®) = =2+ = him)- (1)
=1

Let gjj denote the (pj1 + - - - + pjj)th row of @i_l with p;; and C; being
defined by (30). Then, control (29) with gain matrices

ql‘lFf"F]Gi qinEn (Fy)
Ks; = : : ’
_pPim—lc. QimEim (Fy)
qimk; i g (32)
anip“_]Gi
K; = : K/, K/ =B,'C;’
QimF? e

makes the system in (28) be a cooperative PS system.

Proof. It follows from Wang and Juang (1995) that pole placement
formulas of K;; and K; in (32) (except for that ole-;-) place the closed

loop poles at A (forj = 1,...,(n; — m)) and 0 (of geometric
multiplicity 1). Hence, there is a similarity transformation T; such
that, under state transformation x; = T,-_lzi, system (28) under
control (29) becomes
| _ A O | [Ba| s,
] =L e 5] e -
yvi=[C Go]x

where A; = Tl‘_1(Fi — GiKs,-)Ti, B; =3 Tj_]Gi with Bi» being square,
G £ HT;, and A4l — A 11| =0forj =1, ..., (n; — m). Since con-
trollability and observability are invariant under similarity trans-
formation, a direct computation of controllability and observability
matrices of system (33) reveals that matrices B;; and Cj; are invert-
ible. Transformation of w;; = x;; and w; = CizX;; maps system (33)
into the form of (12) with A; 11 being Hurwitz, and the resulting
system is a special case of (25). O

Example 4. Consider the nonminimum-phase system:

Zin = Zip, Zp = vj, Yi = —zi1 + Zig,

for which y;(s) /vi(s) = (s — 1)/s%. Under self-feedback control law

v; = —2z;; — u;, the individually closed-loop system becomes

. 0 1 0

Zi = [0 _21| zi + [_1] uj, yi=[-1 1]z

The transformation of w;; = zj; and wj; = —(2z;; + z;») maps the

system into

.o |2 0of =1 |3 1 '
wi = 0 0 w; + 1 uj, Yi= 5 E wi,
which is a cooperative PS system. ¢

The second design method of u(z;) is the backstepping design
method (Krstic et al., 1995) which is applicable to the class of affine
minimum-phase systems. Consider the nonlinear affine system

zi = Fi(z) + Gi(z)v;, yi = Hi(z). (34)

The above system is said to have well-defined relative degree
(Isidori, 1995; Khalil, 2003) of ; if the following set of conditions

in terms of Lie derivatives and Lie brackets are met: LGI.LJFiyi =0

forj=0,...,k — 2and [LGI.L::_ly,']*1 exist. Under this assump-
tion, we can choose the following state transformation: z;; = y;,
z = %[LF,,Z,,’O?]) + aig,l)z{071)] forj = 2,...,k, and & =
&i(z)) € MMM whereay > Oforl € {1,...,«}, a0 = (a1 ---
a) Vi, Zl = vec{z;} € MM is the state of input-output dy-
namics, and &; should be chosen such that the mapping from z; to
[(z)" &'1" is diffeomorphic. Applying the transformation to (34)
and choosing self-feedback control

v = [Lc,»L::i]J/i]q[—LF,-Z,-/,q — i Z},, + GioZ{y + Giolii], (35)

yield the transformed system of

!
Yi =12,
5/ —_— . / . / 7 — PR—
Z; = —0z; + AioZiGy1y, J = 1,...,k—1
o , , (36)
Z, = —0igZj, + GioZy + Ajoll;
. /
& = ¢i6i, z),

where ¢;(-) represents the so-called internal dynamics. The ith sys-
tem in (34) is said to be minimum-phase if the zero dynamics & =
¢i(&;, 0) is asymptotically stable. The following theorem provides
the PS property and a canonical form for minimum-phase systems.

Theorem 4. Suppose that the ith system in (34) is minimum-phase
and of relative degree «;. Then, the resulting individually closed-loop
system (36) under control (35) is a cooperative PS system, and it can
be mapped into either (25) or the minimum-phase canonical form of

|:wl:1i| = F':),{1(wl{1’ wI,Z) + |: , 0 ]Ui
Wi A ® Iy w, B ® I (37)

yi = H{(wj;, wj,) + (¢ @ In)wj,

T /
where B, = [0 0 ay].Ci=[1 0 0], H/(0, w})
=0, and
—ai1 ay 0 e 0
0 —ap ap
Al =
: " " 0
0 - 0 —Gg-1  Gig-1)
Qi; 0 o —Qix;

Proof. It is straightforward to verify that, under the transforma-
tion of wj; = & and wj, = vec{w;} with wj, = z, and
j—1

wh; = al_ﬁqu)z{j forj = 2, ..., k;, system (36) is mapped into
(37) with H/(-, -) = 0.

It is apparent that —A; is the Laplacian of a ring digraph, hence
matrix —[A] + (A))"]is p.s.d. and of rank (k; — 1). That is, matrix A]
has (k;— 1) eigenvalues in the left open half s-plane and one simple
eigenvalue at the origin. It is straightforward to show that, under

’
ki Wi

the transformation of wy, = Z]:] W and wirj = —wjp ; + Biwi
forj = 1,....6 — Tand with g = (a;;" + -+ + q;} ;)7
the system of z/ is transformed into (12). Incorporating internal
dynamics into wy; yields (25). O

4.2. High-level design of network-enabled controls

At the network level, the communication/sensing topology is
specified by digraph {V, &} or matrix S as in (2). Suppose without
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loss of generality that the Laplacian L (after permutation) is in the
lower triangular form

Iy 0 --- 0
’ ’ .
L L12 L22 (38)
0
L

qq

where Lj; € %4 are irreducible. If L is irreducible, then g = 1and
L}, = L. Graph {'V, &} is said to have at least one global reachable
node (from which every other node can be reached) if and only if
matrix Lin (38)is lower triangular complete in the sense that for any
ief{2,...,q}, L,fj with j < iare not all identically zero.

A network-enabled distributed control must conform with the
information structure S as defined in (2). In the proposed network-
level design, the distributed control is simply chosen to be asin (13)
which is known to work for the fictitious integrator systems

‘]'/,‘=Ll,', i=1,...,n5. (39)

Our goal is to show that the control in (13) also works for hetero-
geneous systems. To this end, the concept of PS systems has been
used to quantify the impact of heterogeneous dynamics on their
networked operation, and two designs of self-feedback controls
vs; have been presented to make the heterogeneous systems be-
come cooperative PS systems. In the next subsection, it is shown,
using the impact equivalence principle (which includes Lemma 1
and Theorem 2 as special cases), that these controls separately de-
signed work well in any networked operation and that a non-trivial
global consensus emerges if and only if Laplacian L is lower trian-
gularly complete.

4.3. Impact equivalence principle

The impact equivalence principle, stated as Theorem 5, simplifies
the design and analysis of cooperative networked systems by mod-
ularizing the designs of individual controls as well as the network-
level controls. In particular, the networked control of cooperative
PS systems does not require any explicit information about the het-
erogeneous physical systems except that their impact coefficients
are not larger than a design threshold €. Hence, heterogeneous sys-
tems can be switched into and out of service at any node in the
overall network. This plug-and-play feature of networked opera-
tions could be advantageous in many applications.

Theorem 5. Suppose that self-feedback controls v, (-) are designed
(as was done in Section 4.1) such that the resulting systems become
cooperative PS systems (as defined in Definition 3). Then, the
distributed control in (13) always ensures either local or global (non-
trivial) consensus of their outputs provided that the gains ky, are
chosen according to

)\,(ELEI' + (L;,')TFI)

mi — - —, (40)
i€f1.2...0) €Amax (L) IGLY)

0<ky, <
where Lj; are as defined in (38), I'y is determined based on L}, as
was done in Lemma 1, I} with i > 2 is determined based on L}; as
solved in Theorem 2, and A’ (A) denotes the smallest nonzero eigen-
value of matrix A. Furthermore, a global (non-trivial) consensus (of
lim;_, 4~ yi(t) = c for all i) is ensured if and only if graph {V, &}
has at least one global reachable node.

Proof. For all the systems in the network, let ., be their index sets
corresponding to blocks of L;L u in (38). The proof is inductive with
respectto i € {2, ..., q} as in the following steps:

Step 1(u = 1):Itfollows from Lemma 1thatz; € Ly, (Vi—Yj) €
Ly, u; € Ly and lim;_, 4 yi(t) = ¢ foralli,j € »; and for some

c1 € M™. To find c1, we know from the first left eigenvector y; of
L}, that y[L}, = 0and in turn [(y]K;") ® Inluy, = 0, where
Ky = diag{ky, : i € N;}. It follows from wj, = u; in (25) that

> %:wiz(to)

Y1 Y1 iE€N
PIRAMTEETT P RN (1)
ieN {}’i ieN ﬁi Vi Z

Using the output equation of (25) and applying Chebyshev inequal-
ity and Barbalat lemma, we can verify that (y; —¢;) € L, and hence
lim;_, 1 yi(t) = c; for anyj € N7 since

2
Y1

ly; = call? (Z ml)
1Ny

ieN
2

Z Y; [ —y) + i — Biwi)]

ieMN; il Yi

2

<2omy Y ﬂ%[nyj — Vil + lIH 12,
ieNy P17y
where m,y, is the number of entries in index set V7.

Step 2 (u = 2): If L}, = 0, we can repeat step 1 to show that
lim;_, 1 yi(t) = ¢ foralli € N, where ¢, € R™ is a local con-
sensus (among the systems in set ., ) and can similarly be found as
was done in (41) (but generally ¢, # c1).IfL}; # 0, all the nodes in
N, can be reached from any node in 7, and it follows from Theo-
rem2thatz € Ly, (i —Yj) € L, u; € Ly and lim;—, ;o0 yi(t) = ¢4
foralli,j € M.

Step p (for p = 3,...,q): Suppose that the result holds for
u = luptou = p — 1. Then, the result of 4 = p can be con-
cluded in a similar fashion as thatof © = 2. O

5. Modularized design: varying topologies

In many applications, networked controls need to be imple-
mented without the restriction of sensing and communication
topologies being fixed. To this end, let X be the set of positive in-
tegers and let {t; : k € N} be the time sequence at which the
communication/sensing matrix S(t) defined in (2) experiences a
change. Then, for any sub-sequence {k, : n € 8}, the composite
graph (V, €°(n)) corresponds to the composite matrix

S°(m) = S(t, 1 —1) © S(ti,—2) © - -+ 0 S(t, ), (42)

where o denotes the Hadamard product. The following definition
prescribes the cumulative information flow, and the subsequent
theorem provides a class of PS systems that are plug-and-play
ready and can successfully be operated with an intermittent
information network.

Definition 4. A varying graph ('V, &(t)) is said to be cumulatively
connected if (tknJr1 — ty,) < T for some constant T > 0 and if, for
every 7, the composite graph (V, &°(n)) has at least one globally
reachable node or, equivalently, the composite matrix S°(n) is
lower triangular complete.

Theorem 6. Suppose that control v () in (3) is designed so that,
under a diffeomorphic transformation z; = Z(wy), the systems in the
form described in (6) can be transformed into (37) in which w}; € L
and ||H] (w};, w) | < o1 (w](to))e 210 for some ajy (w] (o)) >
0 and aj; > 0. Consider the distributed control (13) with k,, €
(0, aj,/ng] and with S(t) and L(t) being time varying. Then, a
nontrivial consensus of lim;_, ,~ yi(t) = c can be ensured if and
only if the varying graphs are cumulatively connected.
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Proof. It follows from (13) and (37) that

= ky, Y Si(DI(C ® Imwp — (] ® In)wi) + 8i(0),

j=1
where §;(t) = ky, > i Si(t)[H] (wj;, wj,) —H](w};, w},)]. Defining
x = vec{wip} and 8§ = vec {§; (t)}, we have

~[fo@n]x+ B enms. (43)

where B" = diag{B;}, D(t) = diag{S(t)1}, L(t) = D(t) — S(t), and
r (t) = [L (t)] with

[-A+LiBC ifi=j
I = mel ifi £ .

It follows from Lemma 5.5 in Qu (2009) that Laplacian I has the
same topological property as that of L(t). System (43) can simply
be viewed as a piecewise-constant linear system with diminishing
uncertainty 6(t), and hence its solution is

X(ter1) = P(R)x(te) + 8/ (k), (44)

Where P(k) — e_ I:Z/([k)@Im]([kJrl —tk)

stochastic, and

lier1 =
/ [e_[L @Sl |(t=7) g o (T)] de
ti i

Ck+1
f max |§;(t)|dt
t J

is nonnegative and row-

1; (k)|

IA

max o -
j J —mjmajztk —rr;moz o tet1
= —F\€ —e .
min o),

It is known (e.g., Theorem 4.53 in Qu, 2009) that, if 8’ (k) = 0, x(ty)
reaches consensus as k approaches infinity if and only if varying
graphs are cumulatively connected. Since the nonnegative series

maxaﬂ

Zmaxw k)| < 7,e
min o,
i ]

—(mjin a]fz)to

is convergent and therefore is a Cauchy sequence, we conclude
from Lemma 5.29 in Qu (2009) that system (44) reaches consensus
ifit doeswhen §'(k) =0. O

6. Conclusions

In this paper, an input feedforward passivity index is used
to characterize the input-output relationship for heterogeneous
dynamical systems of potentially high-relative degrees and/or
nonminimum-phase. It is shown that self-feedback controls can
individually be designed to make heterogeneous systems ready for
networked operations, that a network-enabled distributed control
can be designed independently of specific dynamics, and that
these controls separately designed can together ensure a global
(nontrivial) consensus under minimum information flows. Both
fixed and varying topologies of the local information network are
considered.

Acknowledgments

The authors gratefully acknowledge useful comments made by
Prof. AR. Teel and anonymous reviewers.

Appendix. Proofs

Proof of Proposntlon 1. (i) is obvious since (8) is equivalent to

@iz, u;) = Lll- y,- ni(z;).
(ii) It follows from (9) and (10) that

. avi\’
Vi = (*'> F(zi, up)
82,‘

2 8V1 c c
< —yslzll* + 7 NF @, w) — F(z, 0]l
1
< —yallzil® + v vialzil llull + Ulyill - Nl + ufyil
< —yilzl® + (v + v)llzill lluill + uf s,

from which inequality (7) can always be established for ¢; >
(ViVia + v)?/ Q). O

Proof of Proposition 2. It follows from (6) that

. €;
Vi = L Vi + (L Viui = =iz, w) + Ui yi + 51”111'”2»

where 7;(z;, ;) £ —LpeVi — (L6,Vi — H)u; + < ||u;||>. Hence, the
system is passivity-short if and only if, for all u; € R™, function
n;(zi, u;) is p.s.d. The proof is completed by noting that n(z;, u;) >
ni(z) and that, when u; = (Lg,Vi —H)" /€, n/(zi, u) = ni(z). O
Proof of Proposition 3. Since F; 11 is Hurwitz, matrix solution P; 1,
to Lyapunov equation P; 114; 11 +AI“P,;11 + 1 = 0is p.d. Choosing
storage function V; = zz”Pl 1zin + %ziTzz,»z, we know that the
system is PS because

Vi _”Zﬂ” + 2z [P 11Gi — HinJui + y! us

IA

2, T
E”ui” + ;i ui,
where €; > ||P; 11Gi1 — Hn[|?/2. O
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